Abstract. We prove rigidity results for a class of non-uniformly hyperbolic holomorphic maps: If a holomorphic Collet-Eckmann map f is topologically conjugate to a holomorphic map g, then the conjugacy can be improved to be quasiconformal. If there is only one critical point in the repeller, then g is Collet-Eckmann, too.
Introduction
Collet-Eckmann maps of the interval were introduced by P. Collet and J.-P. Eckmann as a large class of non-uniformly expanding maps for which a probability absolutely continuous invariant measure exists. A theory of rational Collet-Eckmann maps was originated in P2] and continued in P3], GS] and PR]; see PR] for a more detailed historical account. This paper is a continuation of PR]. We consider repellers for holomorphic maps, without assuming the maps extend to rational maps.
Consider a compact set X in the Riemann sphereĈ , together with a holomorphic map f : U !Ĉ with f(X) = X, where U is a neighbourhood of X.
We call the pair (X; f) a holomorphic repeller if there exists a neighbourhood V U of X such that for every x 2 U the assumption f n (x) 2 V for every n = 0; 1; ::: implies x 2 X. We do not assume a priori that X has empty interior. We call a holomorphic repeller (X; f) Collet-Eckmann, abbreviated CE, if there are constants C > 0 and > 1 such that for every f-critical point c 2 X such that its forward trajectory does not meet other critical points,
j(f n ) 0 (f(c))j C n for all n 0: See CE,N, P2,P3] .
Here and in what follows derivatives and distances are always with respect to the spherical metric ofĈ .
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If there is no critical point at all in X, we understand (X; f) as CE? repeller, too. In particular, Julia sets of expanding rational maps provide examples of CE? repellers.
We are also concerned with the following notion, see Section 2 for a formal de nition. We call a holomorphic repeller (X; f) topological Collet-Eckmann, abbreviated TCE, if the following holds: There is a constant d 1 and for each x 2 X a set G(x) of positive integers, of lower density 1=2; such that for every n 2 G(x) there is a connected neighborhood of x that is mapped properly by f n to a large disc, with mapping degree bounded by d:
If (X; f) and (Y; g) are holomorphic repellers we say they are topologically conjugate if they are topologically conjugate on neighbourhoods U X ; U Y of X; Y respectively, i.e. there exists a homeomorphism h : U X ! U Y such that g h = h f.
In Section 3 we prove the following Theorem A. If (X; f) and (Y; g) are holomorphic repellers which are conjugate by an orientation preserving homeomorphism h 0 and if f is TCE then there exists a quasiconformal conjugacy h of f and g on neighbourhoods of X and Y satisfying
hj X = h 0 j X .
Notice that TCE is a topological property, so the assumption that (X; f) is TCE immediately implies that (Y; g) is TCE, too. Theorem A for rational maps f and g that are expanding on their Julia sets is due to McMullen and Sullivan, McS] .
It is not hard to modify h 0 to become quasiconformal (qc for short) o X. The main idea of our proof of Theorem A is to show that for every x 2 X there is a sequence of discs centered at x, of radii converging to 0, that are mapped under h to boundedly distorted topological discs. Indeed, TCE implies the existence of a sequence of boundedly distorted topological discs around x mapped by f n for n 2 G(x) to large round discs, mapped next by the topological conjugacy h onto boundedly distorted large discs and nally back as components of the preimages under g n to small boundedly distorted discs centered at h(x). We then apply the following result of Heinonen and Koskela HK] Jones and Smirnov (in preparation) , now gives Corollary C. In fact, using this removability result Graczyk and Smirnov GS2] were able to obtain Corollary C under an even weaker (summability) condition. However, an advantage of our approach (using Theorem HK as a removability statement) is that it does not need any assumptions on the geometry of the Julia set. In particular, it works in the rational case as well as for polynomials.
As the referee pointed out, the special case of quadratic polynomials f and g in Corollary C follows from Yoccoz' rigidity theorem: Indeed, from Proposition 2.5 below it follows that TCE repellers are not in nitely renormalizable.
In The proof uses the method of "shrinking neighbourhoods" from P2] to control distortion, as well as Graczyk and Smirnov's GS] reversed telescope construction. By Theorem A, we can assume the conjugacy to be quasiconformal. So this theorem corresponds to the theorem by Nowicki and Sands NS] , that f CE implies g CE for S-unimodal maps of the interval if there is a quasisymmetric conjugacy.
In P4] a stronger theorem 1 is proved: For (X; f) such that X contains only one critical point, TCE implies CE. This holds also in the interval case NP], hence one does not need to assume that the conjugacy above is quasisymmetric.
If there is more than one critical point in X, this is no longer true. In Section 5, we provide an example of a semihyperbolic polynomial (i.e. no critical point in Julia set is recurrent; this is stronger than TCE, see Section 2) which is not Collet-Eckmann. Hence TCE does not imply CE in general. In our example, the forward trajectory of a critical point approaches a second critical point arbitrarily closely. This is similar to an example in CJY] of a semihyperbolic map where a critical point is mapped into another critical point. Acknowledgement : We would like to thank the referee for his careful reading and various comments. The standard de nition of expanding requires the existence of constants C > 0
and > 1 such that j(f n ) 0 (x)j C n for all x 2 X and all n 2 N: It is easy to see that this coincindes with our de nition, if X is nowhere dense. The nowhere density is discussed in the appendix. In between the properties TCE and expanding is the notion of semihyperbolicity. This has been shown by Mañ e M] for rational f. See P4] for the adjustments to holomorphic repellers.
In the appendix, we will show that TCE repellers di erent from the Riemann sphere are nowhere dense. Hence Lemma 2.4 applies to this case. From this it is possible to conclude that diameters of preimages shrink to zero for TCE repeller. However, the following stronger statement holds:
Proposition 2.5. If (X; f) is a TCE repeller, then there exist > 0 and 0 < < 1 such that for every x 2 X; n 0 diamComp x f ?n (B(f n (x); )) n :
Here and in what follows we use the notation Comp x M to denote the component of M that contains x. See PR] for the rational case and P4, Prop . Now continue lling gaps of G as long as necessary. Another consequence is that preimages of (small) discs will always be simply connected: If a component of f ?1 (B) were not simply connected, B would contain at least two distinct critical values for f.
Hence the degree of f n on Comp x f ?n (B(f n (x); )) is controlled by the number of critical points, so that we get the following alternative de nition of TCE:
There exist M > 0; P 1 and > 0 such that for every x 2 X there exists an increasing sequence of positive integers n j ; j = 1; 2; ::: such that n j Pj and (2.1) #fi : 0 i < n j ; Comp f i (x) f ?(n j ?i) ?
B(f n j (x); ) \ Crit 6 = ;g M for each j:
Notice that this is equivalent to the following: There exists > 0, such that for all P > 1 there is M > 0 such that (2.1) holds for su ciently large j and all x: The proof is easy. Of course, can be replaced by any smaller positive number.
3. Improving the conjugacy Lemma 3.1. Let E be a compact metric space, X a compact subset and U an open neighbourhood of X. Let f : U ! E be a continuous and open map such that f(X) = X. Suppose that (X; f) is a repeller (i.e. there exists a neighbourhood V = V X U of X such that for every x 2 V with f n (x) 2 V for every n = 0; 1; :::, we have x 2 X). Proof. (Compare McS] in the rational expanding case.) We can assume that V is small enough that (V n X) \ Crit(f) = ;, and that V is contained in the domain of h 0 : Take W X = W from Lemma 3.1. By a small change we can assume that W X has smooth boundary @ 0 . Let H : 0; 1] @ 0 !Ĉ be a homotopy from Hj f0g @ 0 = h 0 j @ 0 to a smooth embedding h 1 = Hj f1g @ 0 . We assume that each h t = Hj ftg @ 0 is C 0 -close to h 0 . Then we can lift h t from @ 0 to @ 1 := (fj W ) ?1 (@ 0 ), by requiring that on @ 1 we have h t f = gh t (this means that the same branch of g ?1 has to be used; we have denoted the extension of h t to @ 1 again by h t ) and h t is C 0 -close to h 0 . Moreover, the mutual positions of the curves @ 0 ; @ 1 and their identi cations by f are the same as for their h t images and the identi cations by g. Therefore h t can be extended to a homotopy H : 0; 1] W X n f ?1 (W X ) !Ĉ , again C 0 -close to h 0 , and such that the restriction h 1 of H to f1g W X n f ?1 (W X )) is a di eomorphism, hence qc.
Next by consecutive lifts of H via f ?1 and g ?1 we obtain a qc conjugacy h of f and g on neighbourhoods of X and Y (with the sets X; Y removed). The map h extends continuously to h 0 on X because diam H( 0; 1] fxg) ! 0 as n ! 1 for x 2 (fj W ) ?n (W X n f ?1 (W X )). The latter follows from the fact that for a neighbourhood N of H( 0; 1] fxg) for x 2 W X n f ?1 (W X ) and for every choice of branches F n of f ?n on N we have F n (N) ! X. Hence the only limit functions of Choosing small enough (without changing 0 ) we may assume a 1 0 and obtain diamh(B(x; r)) diamComp h(x) g ?n j (B(hf n j (x); a 1 )) =: r 0 : >From (3.4) we conclude that h(B(x; r)) contains B(h(x); C 4 (a 2 =2a 1 )r 0 ):
Notice nally that r ! 0 as n j ! 1, by Lemma 2.4 or Proposition 2.5. Therefore (1.1) is satis ed and h is qc by Theorem HK. Proof of Corollary C. We start the construction of h in Lemma 1.2 with a holomorphic conjugacy in a neighbourhood of 1. This gives h in Theorem A quasiconformal inĈ and conformal outside the Julia set J(f). By P3] (for f CE), GS] or PR], the area of J(f) is 0. Hence h is 1-quasiconformal and therefore conformal.
Rigidity
Let us start with a qc version of the Koebe distortion theorem needed in this section. It is an immediate consequence from the H older continuity of qc selfmaps of a disc.
Lemma 4.1. For every " > 0 and K there exist C 5 ; C 6 > 0 such that for every K-qc : D ! U and every conformal map F : U !Ĉ with diam(Ĉ n U) > " and diam(Ĉ n F(U)) > ", for every 0 < t < 1 and x; y with jxj; jyj t we have jF 0 ( (x))j jF 0 ( (y))j C 5 (1 ? t) ?C 6 :
Proof of Theorem D. We need to prove that (Y; g) is CE, namely to prove the condition(CE) in Introduction. Due to Corollary B we can assume that the conjugacy h is quasiconformal.
Step 1. Derivatives for periodic orbits. We have j(g m ) 0 (y)j ?m for every periodic y 2 Y with g m (y) = y: This follows immediately from the H older continuity of h and by the above property for f: The following is a more direct explanation of the same fact:
Consider the components B n of g ?n (B(y; )) that intersect the periodic orbit O(y) of y. As the diameters of B n tend to zero, we can choose small enough (depending on y) so that the B n are disjoint from Crit. Now f being TCE implies that g is TCE. By Proposition 2.5 and the Koebe distortion theorem, applied to the branches of g ?n along O(y), we have j(g n ) 0 (z)j C 7 diam(B n ) ?1 C 7 ?n for z 2 g ?n (y) \ O(y); with a constant C 7 depending on y. Applied to all multiples n of m; this gives j(g m ) 0 (y)j ?m .
Step 2. Derivatives far from Crit. Fix an arbitrary positive integer n.
Denote by c f (and c g ) the only f-critical (respectively g-critical) point in X (resp. Y ). Let 0 i n be the largest integer such that dist(g i (c g ); c g ) 1 , for a positive constant 1 to be determined later. Arguing as above we obtain with a constant C 8 depending on 1 :
Step 3. Capture of a periodic orbit. We shall write c f j = f j (c f ) and c g j = g j (c g ): Suppose that i > 0. Let B = B(c f i+1 ; a) for a := 4 dist(c f i+1 ; c f 1 ). By continuity of h ?1 , we may assume that a is as small as we need by choosing 1 in
Step 2 su ciently small. Now we consider preimages according to the "shrinking neighbourhoods" procedure:
Fix a subexponentially decreasing sequence b j > 0 with P := Hence there exists a periodic point of period s in f(W s+1 ). We consider next its h-image p 2 h(f(W s+1 )).
Step 4. Derivatives along a tube of the reversed telescope. We know that j(g s ) 0 (p)j ?s , see
Step 1, and we want to estimate j(g s ) 0 (c g i?s+1 )j.
To where again > 1 is arbitrarily close to 1 and C( ) depends on .
Step The critical points in the Julia set J(G) are c 1 = h(0) and c 2 = h(25). We have G 2 (c 1 ) = h(2) which is a repelling xed point, and the forward G-trajectory of c 2 is con ned by h( ?2; 2]), so it stays far away from c 2 . Therefore G is semi-hyperbolic. Notice nally that h is H older continuous so for a constant > 0 we have jG n (h(a)) ? h(0)j = jG n (G(c 2 )) ? c 1 j < exp(? exp n) for a sequence of n's. Hence j(G n ) 0 (G(c 2 ))j < 3 exp(? exp n), hence (G; h(a)) = ?1. Therefore the mapping G is not Collet-Eckmann. As in the rst case we deduce that the criticality of f n on D n tends to 1.
Otherwise some branches g n t of f ?n t tend to constants on a little disc outside X by the repeller property, but the sets g n t (f n t (C 0 )) are equal to C 0 , i.e. they have a de nite size.
The criticality tending to 1 contradicts TCE.
